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Abstract
Recently, the one-loop free energy of higher spin (HS) theories in Euclidean AdSd+1 was calcu-
lated and matched with the order N0 term in the free energy of the large N “vectorial” scalar CFT
on the Sd boundary. Here we extend this matching to the boundary theory defined on S1×Sd−1,
where the length of S1 may be interpreted as the inverse temperature. It has been shown that
the large N limit of the partition function on S1 × S2 in the U(N) singlet sector of the CFT of
N free complex scalars matches the one-loop thermal partition function of the Vasiliev theory
in AdS4, while in the O(N) singlet sector of the CFT of N real scalars it matches the minimal
theory containing even spins only. We extend this matching to all dimensions d. We also calculate
partition functions for the singlet sectors of free fermion CFT’s in various dimensions and match
them with appropriately defined higher spin theories, which for d > 3 contain massless gauge
fields with mixed symmetry. In the zero-temperature case R × Sd−1 we calculate the Casimir
energy in the scalar or fermionic CFT and match it with the one-loop correction in the global
AdSd+1. For any odd-dimensional CFT the Casimir energy must vanish on general grounds, and
we show that the HS duals obey this. In the U(N) symmetric case, we exhibit the vanishing of
the regularized 1-loop Casimir energy of the dual HS theory in AdSd+1. In the minimal HS theory
the vacuum energy vanishes for odd d while for even d it is equal to the Casimir energy of a single
conformal scalar in R×Sd−1 which is again consistent with AdS/CFT, provided the minimal HS
coupling constant is ∼ 1/(N−1). We demonstrate analogous results for singlet sectors of theories
of N Dirac or Majorana fermions. We also discuss extensions to CFT’s containing Nf flavors in
the fundamental representation of U(N) or O(N).
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1 Introduction and summary
The original AdS/CFT conjectures were made for conformal field theories of N×N matrices with
extended supersymmetry [1–3]. A few years later, a suggestion was made to study AdS/CFT
correspondence for simpler field theories where dynamical fields are in the fundamental represen-
tation of the U(N) or O(N) symmetry group [4]; for this reason, these theories are often called
“vectorial.” In these cases, the supersymmetry is not necessary, but it is important that there is
an infinite tower of conserved or nearly-conserved higher spin currents that are U(N) or O(N)
singlets. Therefore, the dual theories in AdS must contain the corresponding tower of massless
higher-spin gauge fields [5]. Theories of this kind have been extensively explored by Vasiliev and
1
others [6–13].
The first explicit vectorial AdS/CFT conjectures were made for the higher spin theories in
AdS4. For the minimal type A theory with even spins only, the conjectured duals were the free
or critical O(N) models, with N real scalar fields in the fundamental representation. For the
non-minimal type A theory, where all integer spins are present, one instead needs to consider free
or critical theories of N complex scalar fields, restricted to the U(N) singlet sector [4]. There
also exist type B Vasiliev theories in AdS4 where the bulk spin zero field is a pseudoscalar, rather
than a scalar. Such theories have been conjectured to be dual to the U(N) or O(N) singlet sector
of the theory of N Dirac or Majorana fermions [14,15].
The basic evidence for the initial conjectures involved the matching of the spectra of currents
and higher-spin gauge fields [4, 14, 15]. A nice way of summarizing this agreement is to match
the CFT partition function on S1 × S2 with the corresponding calculation in AdS4. This was
carried out in [16], and a simple explicit formula for the partition function of the U(N) singlet
scalar theory was obtained. A crucial ingredient in these calculations is the imposition of the
singlet constraint in the CFT of free scalar fields; this was accomplished by integrating over
the holonomy of the U(N) gauge field around S1 [17–19]. The resulting U(N) singlet partition
function then becomes the square of the character of the “singleton” representation of SO(3, 2),
corresponding to the free conformal scalar in d = 3. The CFT partition function may then be
expanded in characters of the primary fields of spin s and dimension s + 1, which correspond
to partition functions of gauge fields in AdS4. Besides providing a nice test of the vectorial
AdS4/CFT3 duality [4], this may be viewed as a modern incarnation of much older ideas [20] (see
also [21–27]). The d = 3 result of [16] was recently reproduced and also extended to the O(N)
singlet sector of N real scalars [28] using the collective field approach [29]. We will further extend
these results in several ways, thus obtaining new tests of the higher spin AdS/CFT dualities.
Additional evidence for the vectorial AdSd+1/CFTd duality for d = 3 has been found in [30–39].
Furthermore, evidence has begun accumulating that it is valid for all d [40,41]. On the CFT side,
we may consider N complex or real scalar fields in d dimensions and impose the U(N) or O(N)
singlet constraint.1 The corresponding theories in AdSd+1, which involve the tower of totally
symmetric tensor spin s gauge fields were formulated in [12]. For arbitrary d, we will study the
partition function of such a theory in “thermal” AdS space, which is asymptotic to S1×Sd−1 and
match it with the singlet partition function of the free scalar theory on S1 × Sd−1. This result
1 Perhaps the constraint can implemented by coupling the free N -vector theory to an appropriate topological
gauge theory, generalizing the idea of coupling to Chern-Simons theory in d = 3 [42, 43]. For the purposes of this
paper, the details of how the singlet constraint is imposed do not seem to matter.
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provides an elegant way of encoding the AdS/CFT matching of the spectra. The thermal free
energy on S1 × Sd−1 includes a term linear in the inverse temperature which dominates in the
zero temperature limit. This is related to the Casimir energy of the CFT on R× Sd−1, and may
be computed by an appropriately regularized sum over the energy spectrum. We will compare
this Casimir energy term on the two sides of the duality. In this case, the higher spin theory
is defined in the global AdSd+1, which is asymptotic to R × Sd−1. For all odd d the Casimir
energy must vanish; this is a completely general fact about odd-dimensional CFT related to the
absence of anomalies (the theory on R × Sd−1 may be obtained from that on Rd via a Weyl
transformation). We check this vanishing on the higher spin side by using an appropriate zeta-
function regularization of the sum over spins in global AdSd+1. The vanishing of Casimir energy
in d = 3 was perhaps the reason why it was not emphasized in [16]. However, the vanishing in
odd d is not trivial from the AdS point of view because it involves summing over the entire tower
of spins. Truncation of the spectrum in AdS4 to a few low spins, which is commonly performed in
“bottom-up” modeling, would generally spoil the cancelation of the Casimir energy. This would
violate a possible exact duality to a CFT3, unless there is another reason for the bulk cancelation,
such as supersymmetry (as in [44–46]).
The comparison of the Casimir energies becomes even more interesting for even d, where they
are not required to vanish. For the N = 4 SU(N) gauge theory in d = 4, the O(N2) term in the
Casimir energy was reproduced early on using the stress-energy tensor calculation in AdS5×S5
[47]. Due to the cancelation of the total derivative (“D-anomaly”) terms in the full expression
for the trace anomaly, its Casimir energy is proportional to its a-anomaly coefficient [48, 49].
Therefore, the exact AdS/CFT matching of Casimir energy in that case is guaranteed by the
a-anomaly matching [50]. In the field theory, the exact result is a = N2 − 1, and the O(N0)
correction (i.e. the -1 shift) has been studied using the one-loop correction in the type IIB
supergravity on the AdS5×S5 background [51]. More recently, additional progress has been made
in calculating the O(N0) correction to a − c in various d = 4 theories, where only contributions
of short supermultiplets in AdS5 need to be included [52,53].
In non-supersymmetric theories, the Casimir energy is not simply proportional to a due to the
presence of the total derivative anomaly terms [48, 49]. This makes the comparison of Casimir
energies a new check of the vectorial AdS/CFT conjectures, which is independent of the compar-
ison of a-anomalies carried out in [39, 41]. Unfortunately, due to the lack of information about
the form of the classical action, in the higher-spin theories there is no known way to calculate
the leading, O(N), terms in the sphere free energies or Casimir energies. So, as in [39, 41], we
will only compare the terms of order N0. In the non-minimal Vasiliev theory including all integer
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spins, we find that the regularized sum in AdSd+1 vanishes, in line with the expectation that there
is no O(N0) correction in the free complex scalar theory on R × Sd−1. However, in the minimal
theory, which includes even spins only, the regularized sum equals the Casimir energy of a real
scalar field. These results are analogous to the recent findings in Euclidean AdSd+1, where the
one-loop correction for the minimal theory in AdSd+1 was found to be equal to the free energy
of a single real scalar on Sd [39, 41]. The proposed interpretation of this result is that the bulk
coupling constant in the minimal higher spin theory is GN ∼ 1/(N−1), so that the tree level and
one-loop terms can add to give the answer which is N times the contribution of a free scalar field.
Our new results for Casimir energies in all d provide additional support for this interpretation.
In this paper we also study the vectorial fermionic models on S1×Sd−1 and match their partition
functions and Casimir energies with the corresponding quantities in AdSd+1. Such calculations
are quite useful: for d > 3 the dual higher spin theory in AdSd+1 includes massless gauge fields in
mixed symmetry representations [25, 27, 54–56], in addition to the totally symmetric higher spin
fields found in the Vasiliev theories dual to the scalar field theories [12]. The AdS spectrum dual
to a fermionic model depends sensitively both on the dimension d and on what type of fermions we
consider: Dirac, Majorana or Weyl. These results suggest the existence of a variety of consistent
interacting higher spin theories that are dual to fermionic CFT’s restricted to singlet sectors.
We start in Section 2 with a brief summary of some standard relations between Casimir energies
and partition functions, and then in Section 3 review the expression for the free energy of free
conformal fields in S1 × Sd−1. In Section 4 we compute this free energy for a large number N of
complex or real scalar or fermion fields in the presence of a singlet constraint. The latter trans-
lates into an extra gaussian averaging over the density of U(N) or O(N) holonomy eigenvalues
that leads to a modification of the effective one-particle partition function. The resulting free
energy contains an order N Casimir energy term as well as an order N0 term with non-trivial
β-dependence. The scalar free energies are matched onto the corresponding expressions in the
dual HS theories in AdSd+1 in Sections 5. Section 6 contains a similar analysis of the vectorial
fermionic CFT’s in d = 2, 3, 4 and of their higher spin duals. For each admissible type of fermion,
we study the quantum numbers of the currents and corresponding gauge fields, and demonstrate
the AdS/CFT matching of the Casimir energies and partition functions. In Section 7 we briefly
discuss the HS duals of the CFT’s containing Nf fundamental flavors of U(N) or O(N). In the
large N limit where Nf is held fixed, we demonstrate the matching of partition functions and
Casimir energies with the field theory results.
4
2 General background
Given a CFT in d dimensions, in the standard radial quantization picture its states may be
described as eigenstates of the Hamiltonian on Rt × Sd−1. Given a set of states and ignoring
interactions one may then consider, e.g., the corresponding Casimir energy and construct the
finite temperature partition function. The same quantities may be computed also on the dual
AdSd+1 side as the vacuum energy in the global AdS or as the 1-loop partition function on a
thermal quotient of AdS, i.e. on Euclidean AdS with boundary S1β × Sd−1.
Let us summarize some standard relations (see, e.g., [57]). Given the spectrum of a Hamiltonian
H (with eigenvalues ωn and degeneracies dn where n is a multi-index) one may consider the
“energy” zeta-function
ζE(z) = trH
−z =
∑
n
dn ω
−z
n , (2.1)
so that the Casimir or vacuum energy is given by (for fermions one needs to add a minus sign)
Ec =
1
2
∑
n
dn ωn =
1
2
ζE(−1) . (2.2)
One may also define the one-particle or canonical partition function2
Z(β) = tr e−βH =
∑
n
dn e
−βωn . (2.3)
It is related to ζE(z) by the Mellin transform
ζE(z) =
1
Γ(z)
∫ ∞
0
dβ βz−1Z(β) , (2.4)
i.e. the two functions contain an equivalent amount of information about the spectrum. This is
the same as the usual relation between a spectral zeta function for an operator ∆ (here ∆ = H)
and its heat kernel (here Z(β) = K(τ) = tr e−τ∆ with β playing role of τ). Note also that a
special case of (2.4) is the integral representation for the standard Hurwitz zeta function
ζ(z, a) =
∞∑
k=0
(k + a)−z =
1
Γ(z)
∫ ∞
0
dβ βz−1
e−aβ
1− e−β . (2.5)
2For simplicity we shall ignore possible chemical potentials.
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The multi-particle or grand canonical partition function which for bosons is
lnZ(β) = tr ln
(
1− e−βH)−1 = −∑
n
dn ln(1− e−βωn) , (2.6)
is then directly related to the one-particle one (2.3), with the free energy given by
Fβ = − lnZ(β) = −
∞∑
m=1
1
m
Z(mβ) . (2.7)
For fermions
lnZ(β) = tr ln
(
1 + e−βH
)
=
∑
n
dn ln(1 + e
−βωn) , (2.8)
is then directly related to the one-particle one (2.3), with the free energy given by
Fβ = − lnZ(β) =
∞∑
m=1
(−1)m
m
Z(mβ) . (2.9)
Thus the knowledge of the one-particle partition function Z(β) determines the thermodynamic
partition function (2.7) as well as the Casimir energy (see (2.2),(2.4)).
3 Partition functions for free CFT’s on S1 × Sd−1
Let us first consider the partition function of a free conformally coupled scalar
F = − lnZ = 1
2
ln det∆0 , ∆0 = −∇2 + d−24(d−1)R , (3.1)
in (Euclidean) Md = R×Sd−1 and Mdβ = S1×Sd−1 where β is the length of S1.3 We shall assume
the length of time direction in R×Sd−1 to be regularized as ∫ dt = β →∞, so that the first case
may be viewed as the “zero-temperature” (β−1 → 0) limit of the second. In general, in R× Sd−1
one finds (see, e.g., [58–61])
F = F∞ + Fc , F∞ = ad ln Λ , Fc = βEc , (3.2)
3We shall often set the radius ` of Sd−1 to 1; dependence on it can be restored by rescaling β → β` , etc.
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where we separated an a priori possible logarithmically divergent term from the vacuum (Casimir)
energy Ec of a conformal scalar in the static Einstein universe R × Sd−1. The logarithmically
divergent part (with Λ standing for the product of a UV cutoff with the scale `) is proportional
to the conformal anomaly coefficient ad which vanishes for odd d.
4 In the present case it vanishes
also for even d as for a conformally-coupled scalar in a conformally-flat space it is proportional
to the Euler number density but the latter vanishes for both R× Sd−1 and S1 × Sd−1, i.e.
ad = 0 . (3.3)
The scalar curvature of Sd−1 is R = (d − 1)(d − 2) so that the operator in (3.1) is ∆0 = −∂2t −
∇2
Sd−1 +
1
4
(d− 2)2. Since the eigenvalues and their degeneracies for a Laplacian −∇2 on a sphere
of dimension d− 1 are
λn(S
d−1) = n(n+ d− 2) , dn(Sd−1) =
(
n+d−1
d−1
)− (n+d−3
d−1
)
= (2n+ d− 2) (n+d−3)!
(d−2)!n! , (3.4)
the eigenvalues of ∆0 on R × Sd−1 are λw,n = w2 + ω2n, where ωn = n + 12(d − 2), n = 0, 1, 2, ...
and w ∈ (−∞,∞). There is no zero mode for d > 2. Integrating ∫∞−∞ dw2pi ln(w2 +ω2n) over w leads
as usual to Fc = βEc with
Ec =
1
2
∞∑
n=0
dn ωn =
∞∑
n=0
(n+d−3)!
(d−2)!n!
[
n+ 1
2
(d− 2)]2 . (3.5)
This is finite if defined using the zeta-function regularization (see, e.g., [61–64]), i.e. by starting
as in (2.1),(2.2) with ωn as energy eigenvalues, one first computes ζE(z) ≡
∑∞
n=0 dn ω
−z
n , and then
analytically continues to z = −1, Ec = 12ζE(−1). 5
In the case of Mdβ = S
1 × Sd−1 the eigenvalues of ∆0 are
λk,n = (
2pik
β
)2 + ω2n , ωn = n+
1
2
(d− 2) , k = 0,±1,±2, ... , n = 0, 1, 2, ... (3.6)
4In (3.2) we include the volume factor ∼ β into ad.
5Note that if we consider the conformal scalar operator on Sd−1, i.e. ∆0c(Sd−1) = −∇2Sd−1 + 14 (d− 2)2 then its
eigenvalues are λn = ω
2
n with ωn = n +
1
2 (d − 2) and the corresponding spectral zeta function is ζ∆0c(Sd−1)(z) =∑∞
n=0 dnλ
−z
n = ζE(2z). In particular, Ec =
1
2ζE(−1) = 12ζ∆0c(Sd−1)(− 12 ) [61]. Since the natural spectral parameter
is n+ 12 (d− 2) the vacuum energy Ec can be expressed in terms of the corresponding Hurwitz zeta functions. It
can be also computed using an exponential regularization e−[n+
1
2 (d−2)] (dropping all singular terms).
7
One may define the spectral zeta function
ζ∆0(z) =
∞∑
k=−∞
∞∑
n=0
dnλ
−z
k,n (3.7)
in terms of which we have for F in (3.1) (see, e.g., [65, 66])
F = −ζ∆0(0) ln Λ− 12ζ ′∆0(0) = F∞ + Fc + Fβ , (3.8)
F∞ = ad ln Λ , Fc = βEc = 12β
∞∑
n=0
dn ωn , (3.9)
Fβ =
∞∑
n=0
dn ln(1− e−βωn) . (3.10)
Here again ad = 0 for a conformally-coupled scalar on S
1
β × Sd−1 in any d and Fc is the same
Casimir energy part with Ec given by (3.5). The non-trivial part of the free energy Fβ vanishes
in the limit β →∞ when (3.8) reduces to (3.2).
Using the standard Riemann ζ-function regularization (with ζ(−2k) = 0, ζ(−2k− 1) 6= 0) one
finds for the Casimir energy for d > 2 (see, e.g., [61–63])
Ec =
[ d−3
2
]∑
q=0
cq ζ(2q + 1− d) , (3.11)
d = odd ≥ 3 : Ec = 0 ; d = even ≥ 4 : Ec =
1
2
d−2∑
q=0
cq ζ(2q + 1− d) , (3.12)
where cq are rational coefficients. Thus Ec is non-vanishing in even d and can be expressed in
terms of the Bernoulli numbers (see also below).
We conclude that
d = odd ≥ 3 : F = Fβ ; d = even ≥ 4 : F = βEc + Fβ , (3.13)
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where Fβ in (3.10) has the following explicit form (cf. (2.3),(2.7))
Fβ = −
∞∑
m=1
1
m
Z0(mβ) , (3.14)
Z0(β) =
∞∑
n=0
dn e
−β[n+ 1
2
(d−2)] =
q
d−2
2 (1 + q)
(1− q)d−1 =
q
d−2
2 (1− q2)
(1− q)d , q ≡ e
−β . (3.15)
The one-particle partition function Z0(β) corresponds to the character of the free scalar (Dirac
singleton) representation of the conformal group SO(d, 2), see for instance [27].
Let us add a few details about the explicit values of the Casimir energy (3.5),(3.12). For
odd d = 2k + 1 one can rewrite (3.5) as E
(2k+1)
c =
∑∞
n=0
∑k
m=1 cm
(
n + 1
2
)2m
. For example,
E
(3)
c =
∑∞
n=0
(
n + 1
2
)2
, etc. Since
∑∞
n=0
(
n + 1
2
)2m
= ζ(−2m, 1
2
) = 0 one concludes that the
Casimir energy vanishes for all odd d = 2k + 1.6 For even d = 2k one finds
E(2k)c =
∞∑
n=1
k−1∑
m=1
c˜mn
2m+1 , (3.16)
which is equivalent to the expression in (3.12) (c˜m = c−m−1+k). For example,
E(2)c =
∞∑
n=1
n = ζ(−1) = − 1
12
, (3.17)
E(4)c =
1
2
∞∑
n=1
n3 = 1
2
ζ(−3) = 1
240
,
E(10)c =
1
40320
[
ζ(−9)− 14ζ(−7) + 49ζ(−5)− 36ζ(−3)] = − 317
22809600
.
The same results can be reproduced by introducing a cutoff (→ 0) with the spectral parameter
in the exponent e−[n+
1
2
(d−2)] in the sum in (3.5) and dropping all singular terms in the resulting
expression
Ec() =
1
2
e−
1
2
d
(1− e−)d
[
d+ (d− 2) cosh 
]
. (3.18)
Let us also note that an equivalent expression for the Casimir energy (3.5) may be also obtained
6This agrees with the vanishing of conformal anomaly in odd dimensional space as there is a relation between
a combination of Euler density and total derivative conformal anomaly coefficients, and the Casimir energy of a
conformal scalar (or more general CFT), as discussed in [48,61] and references there.
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by a Mellin transform of the one-particle partition function (3.15), see eqs. (2.2),(2.4). This gives
Ec =
1
2
ζE(−1) , ζE(z) =
∞∑
n=0
(
n+d−2
d−2
) [
(n+ d
2
− 1)−z + (n+ d
2
)−z
]
. (3.19)
In this expression, the parameter z provides a natural analytic regulator, as one can can perform
the sum in terms of the Hurwitz zeta function and then analytically continue to z = −1. One
may verify that this expression for Ec gives the same values quoted above. In particular, one can
see directly the relation to (3.5) by rearranging the expression for ζE(z) as follows (cf. (3.4))
7
ζE(z) =
∞∑
n=0
dn
[
n+ 1
2
(d− 2)]−z , dn = (n+d−2d−2 )+ (n+d−3d−2 ) = 2[n+ 12(d− 2)] (n+d−3)!(d−2)! n! (3.20)
It is straightforward to generalize the above analysis to the case of free complex or real fermion
theories. First, for a single massless Dirac fermion in S1 × Sd−1 the free energy (2.9) is given by
the following analog of the free conformal scalar expressions in (3.14),(3.15):
Fβ =
∞∑
m=1
(−1)m
m
Z
F
(mβ) , Z
F
= 2
2[
d
2
] q
d−1
2
(1− q)d−1 , q = e
−β . (3.21)
The result for a real (Majorana) fermion or Weyl fermion is half of that,
Z 1
2
(β) =
2[
d
2
] q
d−1
2
(1− q)d−1 . (3.22)
The expression for Z
F
(β) was given in [18] (taking the q → 1 limit and comparing to the real
scalar counterpart in (3.15) one checks that it describes the right number of degrees of freedom).
Z 1
2
(β) in (3.22) has also the interpretation of the conformal group character for a complex fermion
representation [27].
The corresponding Casimir energy in the Majorana or Weyl case is (cf. (2.4),(3.5),(3.19))8
Ec = −12
∑
n
dn ωn = −12ζE(−1) , ζE(z) =
∞∑
n=0
2[
d
2
] (n+d−2)!
(d−2)! n!
[
n+ 1
2
(d− 1)]−z . (3.23)
7One is to change the summation variable in the second term n→ n′−1 with n′ running now from 1, and then
observe that the n′ = 0 term in the sum can be added without altering the result.
8The expression (3.23) agrees, of course, with the spectrum of the Dirac operator −∇2 + 14R on Sd−1: the
eigenvalues are λn = [n +
1
2 (d− 1)
]2
= ω2n (n = 0, 1, 2, ...) and their degeneracy is twice dn = 2
[ d2 ]
(
n+d−2
d−2
)
(there
are two (n ± 12 , 12 , 0, ...) representations). For Majorana fermions these are to be counted with normalization 12
relative to a real scalar contribution, leading to Ec = − 12
∑∞
n=0 dnωn equivalent to (3.23).
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As in the scalar case (3.12), this is zero for odd d and non-zero for even d; one finds, for instance,
Ec = − 124 , 17960 ,− 36748384 in d = 2, 4, 6 respectively.9
4 Free CFT partition functions on S1 × Sd−1 with singlet constraints
In the context of AdS/CFT duality [4] we are interested in conformal scalar partition function with
an extra singlet constraint. As found in [16,28], in the case of N complex scalars transforming in
the fundamental representation of U(N), taking large N limit and imposing the singlet constraint
one effectively gets instead of (3.15) the square of the one-particle partition function
ZU(N)(β) =
[Z0(β)]2 = qd−2(1 + q)2
(1− q)2(d−1) . (4.1)
Below we shall first review the derivation of this result in [16] (which was based on [17–19])
streamlining the argument and extending it to any dimension d ≥ 3. We shall then generalize
it to the real scalar O(N) case as this will allow us to compare to the minimal HS theory free
energy in thermal AdSd+1. In the real case we shall find that
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ZO(N)(β) = 12
[Z0(β)]2 + 12Z0(2β) = 12 qd−2(1 + q)2(1− q)2d−2 + 12 qd−2(1 + q2)(1− q2)d−1 . (4.2)
Similarly, in the complex and real fermion cases we shall find
Z fermU(N)(β) =
[Z 1
2
(β)
]2
, Z fermO(N)(β) = 12
[Z 1
2
(β)
]2 − 1
2
Z 1
2
(2β) , (4.3)
where Z 1
2
(β) is given in (3.22).
One may also consider free theories with several fundamental flavors. For instance, we can start
with NNf free complex scalars φ
ia, i = 1, . . . , N , a = 1, . . . , Nf , and impose the U(N) singlet
constraint, and similarly for fermionic theories. Of course, one can also consider NNf real fields
with the O(N) singlet constraint. For such theories, the Casimir term is simply Fc = NNfβEc,
where Ec is the Casimir energy of a single scalar or fermion. On the other hand, the one particle
partition functions that contribute to the non-trivial part of the free energy now take the form
9This agrees, e.g., with the standard values of the Majorana fermion Casimir energy in d = 2 (i.e. − c12 , c = 12 )
and also with the value of the Dirac fermion Casimir energy in d = 4: 2× 17960 [61].
10The d = 3 case of this expression was found in [28] using a collective field theory approach to vectorial duality.
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(assuming Nf is fixed in the large N limit)
ZNfU(N)(β) = N2f
[Z0(β)]2 , ZNfO(N)(β) = N2f2 [Z0(β)]2 + Nf2 Z0(2β) (4.4)
for the scalar theories, and
ZNf−fermU(N) (β) = N2f
[Z 1
2
(β)
]2
, ZNf−fermO(N) (β) =
N2f
2
[Z 1
2
(β)
]2 − Nf
2
Z 1
2
(2β) , (4.5)
for the fermion ones. These theories are dual to versions of Vasiliev higher spin theory with
U(Nf ) or O(Nf ) bulk gauge symmetry [11,67]. In Section 7 we will show how the above thermal
partition functions, as well as the Casimir energies, are reproduced by the sums over higher spin
fields in AdSd+1.
4.1 Complex scalar case
Starting with N complex scalars of fundamental representation of U(N), to ensure the singlet
condition one may couple them to a constant flat connection A0 = U
−1∂0U with U ∈ U(N) and
integrate over U . The resulting scalar operator will have eigenvalues as in (3.6) but with k shifted
by phases αi of the eigenvalues e
iαi (i = 1, ..., N) of the holonomy matrix, i.e. λk,n = (
2pik+αi
β
)2+ω2n.
The resulting scalar determinant is then to be integrated over αi with the standard U(N) invariant
measure given by the Van der Monde determinant, [dU ] =
∏N
k=1 dαk
∏N
i 6=j=1 |eiαi − eiαj | (see,
e.g., [68]). As a result, the singlet partition function Zˆ is the following modification of Z in
(3.1),(3.8) (for 2N real scalars) [16,19]
Zˆ = e−Fˆ , Fˆ = Fˆc + Fˆβ , e−Fˆβ =
∫ N∏
k=1
dαk e
−F˜β(α1,...,αN ) , (4.6)
F˜β = −12
N∑
i 6=j=1
ln sin2
αi−αj
2
+ 2
N∑
i=1
fβ(αi) , (4.7)
fβ(α) =
∞∑
m=1
cm(β) cos(mα) , cm(β) = − 1
m
Z0(mβ) . (4.8)
Here Z0(β) is the same one-particle partition function as in (3.15) (“one-letter” partition function
of [18]) so that in the formal limit of αi → 0 we get F˜β reducing to 2N times free energy of a real
scalar Fβ in (3.14). The “trivial” (not sensitive to αi averaging) Casimir part Fˆc is the same as
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in (3.5),(3.9) up to the 2N factor
Fˆc = 2NβEc . (4.9)
In the large N limit Fˆc scaling as N should match the contribution of the classical higher spin
action in the AdSd+1 bulk. At the same time, the nontrivial part of Fˆβ which will happen to
scale as N0 due to extra averaging over αk [16] should thus be matched with the 1-loop partition
function of HS theory in thermal AdSd+1.
Considering the large N limit one introduces as usual the eigenvalue density ρ(α), α ∈ (−pi, pi)
and replaces the integral over αi by the path integral over the perdiodic field ρ(α) defined on a
unit circle with the action
F˜β(ρ) = N
2
∫
dαdα′ K(α− α′)ρ(α)ρ(α′) + 2N
∫
dα ρ(α)fβ(α) , (4.10)
K(α) = −1
2
ln
(
2− 2 cosα) , fβ(α) = ∞∑
m=1
cm(β) cos(mα) . (4.11)
Note that the fact the second term in (4.11) scales as N is because the matter is in the fundamental
representation. Then, in the large N limit and as long as the temperature is parametrically
smaller than a power of N [16], the saddle point solution for the eigenvalue density takes the form
ρ(α) = 1
2pi
+ 1
N
ρ˜(α), where ρ˜(α) does not contain a constant part.11 An important point is that
the constant part of ρ(α) does not couple to the source fβ (which does not contain a zero mode
term) so that it can be effectively projected out without changing the non-trivial β-dependent
part of the result. This allows, in particular, to ignore the constant part of K.12 Then, doing the
formal gaussian path integral over periodic non-constant ρ(α) gives an N -independent result for
Fˆβ in (4.6)
Fˆβ = −
∫
dαdα′ K−1(α− α′)fβ(α)fβ(α′) . (4.12)
11The constant mode of ρ ensures that it satisfies the normalization condition
∫ pi
−pi dαρ(α) = 1.
12Note that up to the factor of 1pi the kernel K is the same as the restriction of the Neumann function on a unit
disc to its boundary.
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The kernel K and its inverse K−1 have simple Fourier expansions13
K(α) =
∞∑
m=1
1
m
cos(mα) , K−1(α) =
1
pi2
∞∑
m=1
m cos(mα) . (4.13)
We conclude that (4.12) is given by
Fˆβ = −
∞∑
m=1
m
[
cm(β)
]2
, (4.14)
where cm(β) was defined in (4.8), or explicitly [16]
Fˆβ = −
∞∑
m=1
1
m
ZU(N)(mβ) , ZU(N)(β) =
[Z0(β)]2 . (4.15)
Compared to the “unprojected” free energy of a single real scalar in (3.14) here one gets the
second power of the one-particle partition function Z0 factor in (3.15),(4.1). As we have seen
above, this squaring of Z0 has its origin in the gaussian averaging over the density of the large
N distribution of the eigenvalues of the holonomy matrix. In Section 5, we will see that this
result precisely matches the one-loop partition function of the higher spin theory in thermal AdS.
Note that an important difference compared to the Yang-Mills case [18] is that in these vectorial
models there is no phase transition at temperatures T ∼ 1 (i.e. temperatures of order of the AdS
scale). A phase transition only occurs at much higher (Planck scale) temperatures T ∼ N 1d−1 [16],
where the calculation above breaks down (see the discussion below eq. (4.11)).
4.2 Real scalar case
Let us now repeat the above discussion in the case of N real scalars transforming as a fundamental
representation of O(N). Since we are interested only in the large N limit we may choose N to be
even, N = 2N.14 An orthogonalN×N matrix can be put into a canonical form with N diagonal 2×
2 blocks
(
cosα −sinα
sinα cosα
)
which can be further diagonalized to
(
eiα 0
0 e−iα
)
. This may be formally viewed
as a special U(N) case where N eigenvalues αi are chosen as (α1,−α1, α2,−α2, ..., αN,−αN). Then
13We used the identity ln(1 + b2 − 2b cosα) = −2∑∞m=1 bmm cos(mα). Note also that the delta-function on
non-constant functions on a circle is δ¯(α) = 1pi
∑∞
m=1 cos(mα) with
∫
dα cos(mα) cos(nα) = piδmn.
14We expect that the 1/N expansion for O(N) should not be sensitive to whether N is even or odd. See for
instance [69] for an explicit example of the large N expansion of SO(N) Chern-Simons theory.
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the analog of F˜β in (4.7) becomes (here we use r, s = 1, 2, ...,N to label αi from different 2-planes)
F˜β = −12
N∑
r 6=s=1
ln sin2 αr−αs
2
− 1
2
N∑
r,s=1
sin2 αr+αs
2
+ 1
2
N∑
r=1
ln sin2 αr + 2
N∑
r=1
fβ(αr) , (4.16)
where fβ(αr) is given by the same expression as in (4.8) (that for αr = 0 the last term becomes
Nfβ(0) or N times Fβ in (3.14) as it should be for N real scalars). The Casimir energy term is
the same as in (4.9) with N → N. In the large N limit (4.16) is then replaced by
F˜β(ρ) = N
2
∫
dαdα′ K(α, α′)ρ(α)ρ(α′) + 2N
∫
dα ρ(α)k(α) + 2N
∫
dα ρ(α)fβ(α) , (4.17)
K(α, α′) = −1
2
ln
([
2− 2 cos(α− α′)][2− 2 cos(α + α′)]) = 2 ∞∑
m=1
1
m
cos(mα) cos(mα′) ,
k(α) = 1
4
ln(2− 2 cos 2α) = −
∞∑
m=1
1
2m
cos(2mα) . (4.18)
Since fβ(α) in (4.8) contains only cosmα modes in its expansion, the constant and sinmα modes
of a generic periodic function ρ(α) = a0 +
∑∞
m=1(am cosmα + bn sinmα) do not couple to the
β-dependent source, i.e. we may restrict the integration to even non-constant functions ρ(α) =∑∞
m=1 am cosmα (this allows, in particular, to ignore constant terms in K and K). Then the
gaussian integration gives again an order N0 term (cf. (4.12))
Fˆβ = −
∫
dαdα′ K−1(α, α′) j(α) j(α′) , (4.19)
K−1(α, α′) =
1
2pi2
∞∑
m=1
m cos(mα) cos(mα′) , (4.20)
j = fβ(α) + k(α) =
∞∑
m=1,3,5,...
cm cos(mα) +
∞∑
m=2,4,6,...
c′m cos(mα) , (4.21)
cm = − 1
m
Z0(mβ) , c′m = cm −
1
m
= − 1
m
[Z0(mβ) + 1] , (4.22)
where we used (4.8). As a result, we find in the real scalar case (omitting β-independent constant)
Fˆβ = −
∞∑
m=1
1
m
ZO(N)(mβ) , ZO(N)(β) = 12
[Z0(β)]2 + 12Z0(2β) . (4.23)
The second term in ZO(N)(β) originates from the cross-term between the source k(α) coming from
the measure and the β-dependent source fβ(α). The explicit form ZO(N)(β) was already given in
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(4.2).
If the case of Nf free complex or real scalar flavors in the fundamental of U(N)/O(N), with Nf
fixed in the large N limit, the only modification is that the last term in (4.10) and (4.17) acquires
an extra factor of Nf . Then, the same calculation as described above readily leads to the results
in (4.4) for complex or real scalars.
4.3 Fermionic theories
In the U(N) invariant case of N Dirac fermions the singlet constraint is again implemented by
averaging the Dirac operator determinant over the U(N) holonomy eigenvalues [16, 19]. One
difference compared to the scalar case in (4.6) is that now we will have the Casimir part of free
energy (4.9) replaced by its fermion analog; also, the non-trivial β-dependent term fβ in (4.8)
will be replaced by
fβ(α) =
∞∑
m=1
cm(β) cos(mα) , cm(β) = −(−1)
m+1
m
Z 1
2
(mβ) , (4.24)
where Z 1
2
was defined in (3.22), i.e. one is to replace the real scalar one-particle partition function
Z0 in (4.8) by real or Weyl fermion partition function Z 1
2
(and add an extra (−1)m+1 factor).15
The rest of the argument is unchanged, so we again end up with (4.14), now with cm given in
(4.24), i.e.
Fˆβ = −
∞∑
m=1
1
m
Z fermU(N)(mβ) , Z fermU(N)(β) =
[Z 1
2
(β)
]2
. (4.25)
In the O(N) singlet sector of N Majorana fermions, the starting point is (4.16) with the same
function fβ as in (4.24). Doing the obvious replacement in (4.22), i.e. cm =
(−1)m
m
Z 1
2
(mβ), c′m =
cm − 1m (so that c′2m = 12m
[Z 1
2
(2mβ)− 1]) we finish with the following analog of (4.23)
Fˆβ = −
∞∑
m=1
1
m
Z fermO(N)(mβ) , Z fermO(N)(β) = 12
[Z 1
2
(β)
]2 − 1
2
Z 1
2
(2β) . (4.26)
We shall see in Section 6 how the partition functions in (4.25) and (4.26) are reproduced on the
dual AdS higher spin theory side.
15The normalization can be checked by considering the U(1) case when the free energy of a single complex
scalar or Fβ = −2
∑∞
m=1
1
mZ0(mβ) (cf. (3.14)) should be replaced by free energy of a single Dirac fermion, or
Fβ = −2
∑∞
m=1
(−1)m+1
m Z 12 (mβ) (cf. (3.21),(3.22)). An extra factor of 2 in eq. 24 of [16] appears to be a misprint.
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While the above calculation was presented in the case of a single fundamental fermion, it is
straightforward to generalize it to the case of Nf flavors (Nf  N). One simply includes an
extra factor of Nf in the free fermion one-particle partition function (4.24), and performing the
Gaussian integral over the eigenvalue density immediately leads to the results quoted in (4.5).
5 Higher spin partition function in AdSd+1 with S
1 × Sd−1 boundary
Our aim in this section will be to compare the singlet sector scalar CFT free energies, calculated
above, with their counterparts for higher spin theories in thermal AdSd+1. The HS free energy
can be found by summing the individual massless spin s contributions:16
F =
∑
s
F (s) , F (s) = − lnZs , Zs =
(
det
[−∇2 + (s− 1)(s+ d− 2)]
s−1⊥
det
[−∇2 − s+ (s− 2)(s+ d− 2)]
s⊥
)1/2
, (5.1)
where the operators are defined on symmetric traceless transverse tensors [73,74].17
On general grounds, for a quantum field in AdSd+1 with boundary S
1
β × Sd−1 one expects the
1-loop free energy to have the following structure (cf. (3.8))
F = F0 + Fβ , F0 = βF¯0 = F∞ + Fc , F∞ = ad+1 ln Λ , (5.2)
where F0 is linear in β (i.e. proportional to the volume) while the part Fβ with non-trivial β
dependence is finite and vanishes in the zero-temperature limit β →∞. We have split F0 into a
possible UV logarithmically divergent part, and a finite part Fc (power divergences are assumed
to be regularized away).
The coefficient ad+1 of the UV divergent term vanishes automatically if d+ 1 is odd. For even
d+ 1 it is given by an integral of the corresponding local Seeley coefficient, which, in the case of
AdSd+1, is proportional to the product of the volume factor and
1
2
(d + 1) power of the constant
curvature. Since this curvature factor is the same for any β or regardless of the topology of the
boundary, the dependence of a
(s)
d+1 on the spin s should be the same as that found in [39, 41] for
the case of Euclidean AdSd+1, i.e. the hyperboloid H
d+1, whose boundary is Sd. In particular, it
was shown in [39,41] (for various values of d) that the total anomaly coefficient
∑
s a
(s)
d+1 vanishes
after summing over spins (assuming the zeta-function regularization of the sum), so that there
16Here we consider free massless totally symmetric higher spins with Lagrangian originally found by Fronsdal
in AdS4 [70]. An extension of Fronsdal work to higher dimensions was carried out in [71,72].
17We set the AdS scale to 1. The energies (or scaling dimensions) of the corresponding representations are
∆ = e0 = s+ d− 2 for the physical field [71] and ∆ = e0 = s+ d− 1 for the ghost one.
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are no logarithmic UV divergences in the standard or minimal HS theory. Thus in what follows
we shall set F∞ = 0.
The problem of computing the β-dependent part Fβ of the one-loop free energy in thermal
AdSd+1 can be approached from the Hamiltonian point of view [44, 57], using group-theoretic
considerations to determine the energy spectrum [44] of a spin s field in global AdSd+1 with
reflective boundary conditions [75, 76]. An equivalent result for Fβ is found in the path integral
approach by starting with the heat kernel for the hyperboloid Hd+1 [77–79] and using the method
of images to find its counterpart for thermal AdSd+1 viewed as a quotient H
d+1/Z (see [80, 81]
for the AdS3 case and [73, 82] for the general case).
18 In this heat kernel approach F0 in (5.2)
is the “zero-mode” part of the sum over the images, and it is thus natural to identify it with
Fˆ0 =
Vol(Hd+1/Z)
Vol(Hd+1)
F (Hd+1), where F (Hd+1) is the free energy on Hd+1. This Fˆ0 requires a proper
definition or regularization (cf. [80]) and was not studied in [82].19
At the same time, the expected correspondence with the free energy (3.8) of the boundary
CFT in S1 × Sd−1 suggests that the finite part of F0 should be closely related to the vacuum or
Casimir energy of the corresponding fields in AdSd+1. As this relation appears to be obscure in
the Hd+1/Z construction let us discuss an alternative approach to justify it.
Let us recall that starting with the Euclidean AdSd+1, realized as a hyperboloid x
2
d+1 − x20 −
xixi = 1 in R
1,d+1, one may choose different sets of coordinates (see, e.g., [84]). For example,
one may set xd+1 = cosh ξ, xm = (x0, xi) = sinh ξ nm where nmnm = 1 getting the H
d+1 metric
ds2ξ = dξ
2 + sinh2 ξ dΩd with S
d as its boundary. One may also choose the coordinates as xd+1 =
cosh ρ cosh t, x0 = cosh ρ sinh t, xi = sinh ρ ni, nini = 1 obtaining the Euclidean continuation
of the global AdSd+1 metric, i.e. ds
2
t = cosh
2 ρ dt2 + dρ2 + sinh2 ρ dΩd−1. Compactifying t on a
circle of length β gives thermal AdSd+1 metric ds
2
t,β with S
1
β × Sd−1 as the boundary. A direct
computation of the full expression for the determinant of a scalar Laplacian in the case of AdSd+1
with ds2t or ds
2
t,β metric did not seem to appear in the literature. In particular, it is not obvious
how a finite part Fc of the β →∞ limit of F computed for ds2t,β will match the expression found
in [77,79] in the case of the hyperboloid ds2ξ .
The AdSd+1 metric ds
2
t may be written also as ds
2
t =
1
cos2 θ
(dt2 + dθ2 + sin2 θ dΩd−1), where
θ ∈ [0, pi
2
) with the boundary R × Sd−1 at θ = pi
2
. Thus, it is conformal to a half of the Einstein
universe R×Sd. Indeed, there is a close correspondence [85] between the spectrum of the energy
operator in AdSd+1 and the spectrum of the Laplacian in the half of the Einstein universe with
reflective boundary conditions (Dirichlet or Neumann) at the equator of Sd [75,76]. In particular,
18Ref. [82] used, in fact, an analytic continuation of a heat kernel of a quotient of a sphere Sd+1.
19For a related recent discussion of Fˆ0 in the case of a massive scalar in AdS2 and AdS4 see [83].
18
the Casimir energies in AdS4 (as defined in [44]) and in R× S3 are the same up to a factor [85].
This implies also that this energy spectrum determines the non-trivial part Fβ of the free energy,
20
in agreement with its alternative derivations in [86] (from direct evaluation of the scalar stress
tensor in AdS) and in [74,80,82] (from the Hd+1/Z construction of the heat kernel).21
It remains then to understand the relation between the F0 part of free energy in AdSd+1 and
in the conformally-related Einstein universe. Given an ultrastatic space-time R × Md with a
Euclidean metric ds2 = dt2 + g˜ij(x)dx
idxj, one can readily show that, up to a standard logarith-
mically divergent term proportional to ζ(0) [65, 88], the corresponding free energy or − lnZ is
given by the Casimir energy term Fc = βEc. Here β →∞ is the length of the time interval and
Ec =
1
2
∑
n dnωn, with ω
2
n being the eigenvalues of the Laplacian restricted to M
d (cf. Section
2). For a conformally-related static space-time ds2 = g00(x)dt
2 + gij(x)dx
idxj the full expression
for the free energy will contain, in addition to Fc, extra g00-dependent local terms reflecting the
required conformal rescaling by g00(x) [58, 89] (see also, e.g., [78, 90]).
These extra terms are linear in β, i.e. not changing the Fβ part in the finite temperature case.
These terms are similar [91] to the “integrated conformal anomaly” terms found for conformally
invariant matter fields. They should be closely related to the ζ(0)-type terms that contribute to
F∞ part of F in (5.2) and should thus vanish like
∑
s a
(s)
d+1 after one sums over the spins. For
that reason in what follows we shall assume that the β → ∞ limit of the UV finite part of the
free energy (5.2) in thermal AdSd+1 has indeed the interpretation of the Casimir energy term, i.e.
Fc = βEc. As we shall see below, this is fully consistent with the AdS/CFT correspondence.
5.1 Temperature-dependent part of the free energy
Let us first discuss the temperature dependent part, Fβ, of the free energy of higher spin theories
and then turn to the Casimir part in the next subsection.
20 Note that for conformally invariant fields Fβ is always the same in conformally related static spaces [58].
21It should be noted that while one may expect the vacuum energy to scale as volume of global AdS space (which
should factorize as AdS is a homogeneous space) this is actually in contradiction with reflective energy-conserving
boundry conditions (appropriate for finite temperature set up) which lead to discrete spectrum of the Laplacian
(see [87] for a discussion in AdS2 case). We expect that under an appropriate regularization, the large β limit of
the stress energy computation in [86] should reproduce the “non-extensive” expression for the total AdS vacuum
energy as a sum over global energy eigenvaluaes (2.2) found in the Hamiltonian approach [44,57]. One possibility
may be to do the integration over the radial AdS direction for finite β and then take the limit β →∞ in the result.
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The expression for Fβ of totally symmetric massless spin s field is [73,82]
F
(s)
β = −
∞∑
m=1
1
m
Zs(mβ) , (5.3)
Zs(β) = q
s+d−2
(1− q)d
(
ds − ds−1q
)
, q ≡ e−β (5.4)
ds = (2s+ d− 2)(s+ d− 3)!
(d− 2)! s! . (5.5)
Here ds is the number of symmetric traceless rank s tensors in d dimensions or dimension of
(s, 0, 0, ...) representation of the “little” group SO(d) (i.e. ds
∣∣
d=3
= 2s + 1, ds
∣∣
d=4
= (s + 1)2 ,
etc.). Note that ds is exactly the same as the degeneracy of eigenvalues of the scalar Laplacian
on Sd−1 if we replace the angular momentum quantum number n in dn in (3.4) by the spin s.
Zs(β) in (5.4) thus has an interpretation of the corresponding one-particle partition function
(cf. (2.3),(2.7)). From the point of view of d-dimensional CFT, Zs is the character of the
representation of SO(d, 2) containing the spin-s primary field of dimension ∆ = s+ d− 2 and its
descendants [27,57]. The explicit results for d = 2, 3, 4 are
d = 2 : Zs>1(β) = 2q
s − 2qs+1
(1− q)2 =
2qs
(1− q) , (5.6)
d = 3 : Zs>0(β) = q
s+1
(1− q)3
[
2s+ 1− (2s− 1)q
]
, (5.7)
d = 4 : Zs(β) = q
s+2
(1− q)4
[
(s+ 1)2 − s2q
]
. (5.8)
The low spin cases in d = 2, 3 are special. For the spin 0 primary field of general dimension ∆,
Z(∆)0 =
q∆
(1− q)d , (5.9)
since no ghosts need to be subtracted (this ghost term vanishes automatically for s = 0 for
all d > 3). In AdS3 there are two possibilities for s = 1. For the Maxwell action, which was
conjectured to be relevant to the d = 2 scalar theory [41], ZMaxwell1 = 2q−q
2
(1−q)2 ; for the Chern-Simons
action, which is relevant to the d = 2 fermionic theory, ZCS1 = 2q−2q
2
(1−q)2 .
Putting these elements together, we find the total free energy of the standard Vasiliev theory
in AdSd+1 where each integer spin is counted once [12]. Including the s = 0 contribution with
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∆ = d− 2, and s = 1 Maxwell theory for d = 2, we find that that in all dimensions d ≥ 2
Fβ =
∞∑
s=0
F
(s)
β = −
∞∑
m=1
1
m
Z(mβ) , (5.10)
Z(β) = Z(d−2)0 +
∞∑
s=1
Zs(β) = q
d−2(1 + q)2
(1− q)2d−2 . (5.11)
Comparing to (4.15),(4.1),(3.15) we conclude that this is exactly the same as the order N0 term
in the large N limit of the free energy of a complex U(N) scalar in S1 × Sd−1 with the singlet
condition imposed. This is thus a generalization to all dimensions d ≥ 2 of the matching found
in [16] (and also, in the collective field theory approach, in [28]) in the d = 3 case. This matching
is a consistency check that the boundary and the bulk theories have the same spectrum of states:
indeed, the free spectra determine both the one-loop term in the β-dependent bulk theory free
energy and also the leading order N0 term in the boundary theory free energy.
The identity (5.11) also has an interpretation as expansion of the CFT partition function in
terms of characters Zs of the conformal group. This expansion is completely determined by the
spectrum of primary fields and by the conformal symmetry. For example, if we consider the
large N limit of the d = 3 critical U(N) model, then the dimension of the singlet scalar primary
operator φ¯iφ
i changes from 1 to 2, while the dimensions of singlet higher spin primaries remain
the same as in the free theory.22 Therefore, the partition function of such a large N CFT must
have the form23
Zcrit(β) = q
2
(1− q)3 +
∞∑
s=1
qs+1
(1− q)3
[
2s+ 1− (2s− 1)q
]
. (5.12)
This is equal to the one-particle partition function of the Vasiliev theory in AdS4 with the ∆ = 2
boundary condition for the bulk scalar. Therefore, once again, the AdS/CFT agreement of the
partition functions follows from the conformal symmetry and the agreement of the spectra.
22In the critical vector model, the anomalous dimension of the spin s currents is of order 1/N .
23While this is guaranteed on general grounds, it would be nice to give a direct path integral derivation.
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Let us note that the HS partition function corresponding to (5.10),(5.11) may be rewritten as24
Fβ = − lnZβ =
∞∑
n=1
(
n+2d−4
2d−3
)
ln
[
(1− qn+d−3)(1− qn+d−2)2(1− qn+d−1)
]
= ln
[
(1− qd−2)(1− qd−1)2d
]
+
∞∑
n=1
Cn ln(1− qn+d−1) , (5.13)
Cn =
(
n+2d−4
2d−3
)
+ 2
(
n+2d−3
2d−3
)
+
(
n+2d−2
2d−3
)
= (n+2d−2)!
(2d−3)!(n+1)!
[
4n(n+ 2d− 2) + 2d(2d− 3)] .
This generalizes to any d the expressions given for d = 3, 4, 6 in [73].
In the minimal Vasiliev theory in AdSd+1, which should be dual to the O(N) singlet sector
of the d-dimensional real scalar theory, one is to sum over all even spins only. Then instead of
(5.10),(5.11) one finds from (5.4),(5.5)
Fβ min =
∞∑
s=0,2,4,..
F
(s)
β = −
∞∑
m=1
1
m
Zmin(mβ) , (5.14)
Zmin(β) = Z(d−2)0 +
∞∑
s=2,4,...
Zs(β) = 12
qd−2(1 + q)2
(1− q)2d−2 +
1
2
qd−2(1 + q2)
(1− q2)d−1 . (5.15)
This nicely matches the order N0 term (4.23),(4.2) in the free energy of the O(N) singlet CFT.25
5.2 Casimir part of the free energy
Since we have already matched the N0 part of dual scalar free energy, the Casimir energy part
of the HS free energy in (4.6) should vanish after the summation over spins. The Casimir part
of the scalar free energy (4.9) scales as N and thus should be compared to the classical order N
part of the HS free energy.
More precisely, the above should apply to the standard HS theory dual to U(N) complex scalar
theory. In the O(N) real scalar theory there is a subtlety noticed in [39]: the matching should
work provided the classical HS coupling constant is not N but N − 1 (cf. also [28]). In this case
the Casimir energy of the minimal HS theory should not vanish but should match the Casimir
energy of a single real conformal scalar in R × Sd−1, i.e. (3.5). In other words, we should have
the NβEc term in the free energy of the boundary theory matching the sum of the classical
(N − 1)βEc term plus the one-loop βEc term in the minimal HS theory. We shall indeed confirm
24One is to use that
∑∞
m=1
1
m
qma
(1−qm)b = −
∑∞
n=1
(
n+b−2
b−1
)
ln(1− qn+a−1) since (1− x)−b = ∑∞n=1 (n+b−2b−1 )xn−1.
25Ref. [28] also checked this matching in the d = 3 case using the collective field formalism.
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this below.
The Casimir part Fc = βEc is the same as in the case of the global AdSd+1 with boundary
R × Sd−1 (with time interval regularized by β → ∞). It is defined by the spectrum of the
Hamiltonian associated to the global AdS time. Equivalently, it can be also determined (e.g., via
(2.2),(2.4)) from the one-particle HS partition functions (5.11) and (5.15) found above. Explicitly,
in the standard HS theory we should get
Ec =
1
2
ζE(−1) , ζE(z) = 1
Γ(z)
∫ ∞
0
dβ βz−1 Z(β) , (5.16)
Z(β) = e
−(d−2)β(1 + e−β)2
(1− e−β)2d−2 =
cosh2 β
2
4d−2
(
sinh2 β
2
)d−1 . (5.17)
Using that
(1− q)−b =
∞∑
n=1
(
n+b−2
b−1
)
qn−1 ,
1
Γ(z)
∫ ∞
0
dβ βz−1 e−aβ = a−z , (5.18)
this gives for a general d: 26
ζE(z) =
∞∑
n=1
(
n+2d−4
2d−3
)[ 1
(n+ d− 3)z +
2
(n+ d− 2)z +
1
(n+ d− 1)z
]
=
∞∑
n=1
bn(d)
(n+ d− 3)z , (5.19)
bn(d) =
(
n+2d−4
2d−3
)
+ 2
(
n+2d−5
2d−3
)
+
(
n+2d−6
2d−3
)
= (n+2d−6)!
(n−1)!(2d−3)!
[
4n2 + 8(d− 3)n+ 4d2 − 22d+ 32
]
. (5.20)
One can then compute Ec in in (5.16), i.e. Ec =
1
2
∑∞
n=1 bn(d) (n+ d− 3), using the standard
Riemann ζ-function regularization, finding that the standard HS theory vacuum energy in AdSd+1
vanishes for any d,
Ec =
1
2
ζE(−1) =
∞∑
s=0
Ec,s = 0 . (5.21)
26Here (as also earlier in (3.20)) we have shifted the summation variable and noted that one can restore the
lower value of the summation interval due to vanishing of the coefficients of the second and third terms at n = 1, 2.
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For example, for the HS theory in AdS4, AdS5 and AdS7 we get
d = 3 : ζE(z) =
∞∑
n=1
1
6
n(n+ 1)(n+ 2)
[
n−z + 2(n+ 1)−z + (n+ 2)−z
]
=
∞∑
n=1
1
3
(2n2 + 1)n−z = 1
3
[
2ζ(z − 3) + ζ(z − 1)
]
,
d = 4 : ζE(z) =
∞∑
n=1
4
5!
n(n+ 1)(n+ 2)(n2 + 2n+ 2)(n+ 1)−z = 1
30
[
ζ(z − 5)− ζ(z − 1)
]
,
d = 6 : ζE(z) =
∞∑
n=1
4
9!
n(n+ 1)(n+ 2)(n+ 3)(n+ 4)(n+ 5)(n+ 6)(n2 + 6n+ 11)(n+ 3)−z
= 4
9!
[
ζ(z − 9)− 12ζ(z − 7) + 21ζ(z − 5) + 62ζ(z − 3)− 72ζ(z − 1)
]
. (5.22)
These expressions vanish at z = −1 due to ζ(−2n) = 0. Equivalently, one may use an exponential
cutoff e−(n+d−3) with the “spectral” parameter (n+ d− 3) appearing in (5.19). Then the sum in
(5.19) can be done exactly at z = −1, giving for the regularized vacuum energy (2.2) (cf. (3.18))
Ec() =
1
2
ζE(−1; ) = 4e
−d
(1− e−)2d
[
d+ (d− 2) cosh 
]
sinh  . (5.23)
Expanding in → 0 and subtracting the singular 1
k
terms one finds that the finite part in (5.23)
is always zero.
One can see the reason for this vanishing of the Casimir energy directly from (5.16). Since
Γ(−1) = ∞, the result for Ec can be non-zero only if the remaining integral over β has a
pole at z = −1. The pole can not appear since the partion function Z(β) appearing in the
integrand of (5.16) is even in β, i.e. contains only even powers of β in its small β expansion:
Z(β) = 4β−2(d−1)[1 + 1
12
(d− 4)β2 + ...].
Let us now repeat the above analysis in the case of the minimal HS theory with the one-particle
partition function in (5.15). Here we get the following analog of (5.16)
Eminc =
1
2
ζminE (−1) , ζminE (z) = 12ζE(z) + δζ(z) , (5.24)
δζ(z) ≡ 1
2
1
Γ(z)
∫ ∞
0
dβ βz−1
e−(d−2)β(1 + e−2β)
(1− e−2β)d−1 , (5.25)
where ζE(z) in (5.24) is the standard HS function given by (5.16),(5.19) which vanishes at z = −1
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(5.21) as discussed above. Using (5.18) we find (cf. (5.19))
δζ(z) = 1
2
∞∑
n=1
(
n+d−3
d−2
)[
(2n+ d− 4)−z + (2n+ d− 2)−z
]
= 1
2
∞∑
n=1
(n+d−4)!
(d−2)!(n−1)!(2n+ d− 4)1−z . (5.26)
Thus we get
Eminc =
1
2
δζ(−1) = 1
4
∞∑
n=1
(n+d−4)!
(d−2)!(n−1)!(2n+ d− 4)2 =
∑∞
n=0
(n+d−3)!
(d−2)!n!
[
n+ 1
2
(d− 2)]2 . (5.27)
Comparing this expression to (3.5) we observe that it is exactly the same as the Casimir energy
Ec of a single real conformal scalar in R × Sd−1 given in (3.12). We conclude that, as already
mentioned above, this is consistent with the N → N − 1 shift in identification of the coupling
constant in the minimal HS theory – O(N) real scalar duality [39,41].
The equivalence between the scalar Casimir energy in R × Sd−1 (3.5) and the minimal HS
theory Casimir energy in AdSd+1 (5.27) is seen at the level of formal series so the equality of the
resulting finite expressions requires the use of the same (zeta-function) regularization on both
sides of the duality.
While the Casimir energy (5.16) of the standard HS theory vanishes in AdSd+1 for any value
of d, the Casimir energy of the minimal HS theory vanishes only for odd d, i.e. in AdS4, AdS6,
etc. It is non-vanishing for even d, i.e. in AdS5, AdS7, etc. (see (3.12)). This is to be compared
with the well-known vanishing of vacuum energies of N > 4 extended gauged supergravities in
AdS4 [44] and of each Kaluza-Klein level of the massive spectrum of 11-dimensional supergravity
compactified on S7 [45, 46].27
The expressions for the HS theory vacuum energies in (5.21) and (5.27) were found above by
first doing the formally convergent sum over spins s for fixed β under the integral in (5.16) and
then regularizing the sum over n. If instead we first found the standard (zeta-function regularized)
expressions for the Casimir energies of each spin s field and then summed over spin we would
get a divergent series that would require a zeta-function regularization, now of the sum over
s. While the cancellation of vacuum energy in supergravities happened due to large amount of
supersymmetry, in the HS theory it may be viewed as being due to a special (zeta function)
definition of the formally divergent sum over spins – a definition that should be consistent with
the underlying symmetries of HS theory.
27The computation of the vacuum energy of individual fields in [44] still required, of course, the use of the
standard zeta-function regularization of the sum over radial quantum number n (as, e.g., in the scalar case on the
sphere in (3.11)).
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To further illustrate the role of the regularization of the sum over spins (already emphasized
earlier in the case of the partition function in the Euclidean AdSd+1 with S
d boundary in [39,41,
92]) below we shall consider explicitly the individual spin s contributions to the Casimir energy
for some particular values of dimension d.
5.3 Casimir energies of individual higher spin fields in AdSd+1
The vacuum energy for a given massless spin s field in AdSd+1 can be found for a general d by
using the expression for Zs(β) from (5.4) in the representation (2.4) for the corresponding energy
zeta function
ζE,s(z) =
1
Γ(z)
∫ ∞
0
dβ βz−1
e−(s+d−2)β
(1− e−β)d
(
ds − ds−1e−β
)
=
∞∑
n=1
(
n+d−2
d−1
)[
ds(n+ s+ d− 3)−z − ds−1(n+ s+ d− 2)−z
]
, (5.28)
Ec,s =
1
2
ζE,s(−1) = 12
∞∑
n=1
(
n+d−2
d−1
)[
ds(n+ s+ d− 3)− ds−1(n+ s+ d− 2)
]
. (5.29)
The expression for ds was given in (5.5) and we used again the relations in (5.18).
For example, for a scalar s = 0 in (5.1) (with the operator −∇2 − 2d+ 4) we have d0 = 1 and
thus28
Ec,s=0 =
1
2
ζE,s=0(−1) = 12
∞∑
n=0
(n+d−1)!
(d−1)!n! (n+ d− 2) , (5.30)
This expression for the vacuum energy of a scalar (with dimension ∆ = e0 = d− 2) in AdSd+1 is
similar but different from the one (3.5) for the vacuum energy of a conformal scalar in R× Sd or
in R× Sd−1.29
Let us consider cases of few low values of the boundary dimension d. Let us start with d = 2
or AdS3 case (ds = 2, s > 1)
d = 2 : ζE,s>1(z) = 2ζ(z, s) , Ec,s>1 = ζ(−1, s) = − 112
[
1 + 6s(s− 1)] , (5.31)
28In the scalar case one should drop the second ghost term in the bracket in (5.28) but the general expression
(5.28) applies also for s = 0 case as ds−1 =
(2s+d−4)(s+d−4)!
(d−2)!(s−1)! vanishes automatically for s = 0 if d > 3.
29For example, for d = 3 eq. (5.30) gives Ec,s=0 =
1
4
∑∞
n=1(n + 1)n
2 = 14ζ(−3) = 1480 while for a conformal
scalar in R× S3 one finds from (3.5) that Ec = 12ζ(−3) = 1240 and for R× S2 one has Ec = 0.
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where ζ(z, a) =
∑∞
r=0(r + a)
−z is the standard Hurwitz zeta function. The above formula is
applicable for s ≥ 2 while s = 0, 1 are special cases that need to be discussed separately [41]. Note
that in d = 2 case the Casimir energy coefficient is directly related to the conformal anomaly [61]
but this will not be true in general.
For d = 3 or AdS4 one finds
d = 3 : ζE,s(z) =
∞∑
n=1
1
2
n(n+ 1)
[
(2s+ 1)(n+ s)−z − (2s− 1)(n+ s+ 1)−z
]
=
∞∑
n=1
n(n+ 2s)(n+ s)−z = ζ(z − 2, s+ 1)− s2ζ(z, s+ 1) , (5.32)
Ec,s>0 =
1
2
ζE,s>0(−1) = 18s4 − 112s2 + 1240 , Ec,0 = 1480 . (5.33)
For completeness, let us recall that the computation of the vacuum energies for massless higher
spin fields in AdS4 was originally discussed in the context of extended gauged supergravities
[44], starting directly from the energy spectrum En = ωn for massless spin s = 0,
1
2
, ..., 2 fields
(assuming reflective boundary conditions at infinity giving discrete energy spectrum [75, 76]).
Explicitly, for a massless spin s > 0 field corresponding to SO(2, d) = SO(2, 3) representation
(e0, s) = (s+1, s) with lowest energy or dimension ∆ = e0 = s+1 one has
30 ωk,j = k+j+1, dk,j =
2j + 1 where k = 0, 1, 2, ... and j = s, s + 1, s + 2, ..... This leads to the following expression for
the corresponding energy zeta function [44]
d = 3 : ζE,s(z) =
∞∑
k=0
∞∑
j=s
(2j + 1)(k + j + 1)−z =
∞∑
r=0
(r + 1)(r + 2s+ 1)(r + s+ 1)−z . (5.34)
This is equivalent to (5.32) and thus gives the same expression for the vacuum energy as in (5.33).
Note that Ec,s>0 in (5.33) formally applies also for s = 0 if the scalar is assumed to be complex,
i.e. carries the same number (two) of degrees of freedom as all other massless spin s fields in d+1 =
4.31 The expression in (5.33) is true also for half-integer spins and thus one can directly apply
(5.33) to compute the vacuum energies of extended 4-dimensional supergravity theories using the
supermultiplet sum rules [93]
∑
s(−1)2sd(s)sp = 0, p < N = 1, ..., 8 where s = 0, 12 , 1, 32 , 2 and
30For spin 0 case ωk,j = k + j + e0, dk,j = 2j + 1 where k = 0, 2, 4, ..., j = 0, 1, 2, ... and e0 = 1 (in conformal
coupling case) or e0 = 2 (in standard massless case).
31One can check directly that the vacuum energy corresponding to a real scalar in either (1, 0) or (2, 0) repre-
sentations is [45,57] Ec,s=0 =
1
480 . In general, for a real scalar field in representation (e0, 0) one has [45]
ζE,s=0(z; e0) =
∑∞
k,j=0(2j+1)(e0 +2k+j+1)
−z = 12
[
ζ(z−2, e0)+(3−2e0)ζ(z−1, e0)+(e0−2)(e0−1)ζ(z, e0)
]
so that ζE,s=0(−1; e0) = − 124e40 + 14e30 − 12e20 + 38e0 − 19240 , giving 12ζE,0(−1; 2) = 12ζE,0(−1; 1) = 1480 .
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d(s) are multiplicities of the spin s fields. One then finds that the vacuum energy vanishes in
N > 4 extended gauged supergravities [44]. The vanishing of vacuum energy was found also at
each level of the massive KK spectrum of 11-dimensional supergravity compactified on S7 [45,46].
We can now see directly that similar cancellation of vacuum energy happens also in the purely
bosonic HS theory assuming the sum over all spins is zeta-function regularized (as suggested
in [39,41,92]):
d = 3 : (Ec)HS = Ec,0 +
∞∑
s=1
Ec,s =
1
480
+
∞∑
s=1
(
1
8
s4 − 1
12
s2 + 1
240
)
= 0 , (5.35)
where we used that ζ(0) = −1
2
, ζ(−2) = ζ(−4) = 0. Such cancellation happens also in the
minimal HS theory in AdS4 where one sums over even spins only. As discussed above, this is
consistent (in agreement with AdS/CFT) with the vanishing (3.12) of the Casimir energy of a
conformal scalar in d = 3, i.e. in R× S2.
Let us note that the expression appearing in the vanishing of vacuum energy in (5.35) is similar
but not identical to the one found for the vanishing coefficient of the UV logarithmically divergent
part (lnZHS)∞ = −aHS ln Λ of the partition function of HS theory in the euclidean AdS4 with S3
as the boundary [39]
aHS =
1
360
+
∞∑
s=1
(
5
24
s4 − 1
24
s2 + 1
180
)
= 0 . (5.36)
In general, for d ≥ 3 the spin-dependent coefficients in the Casimir energy and in the coefficient
of the UV divergence in AdSd+1 appear to be different.
Finally, let us consider the AdS5 or d = 4 case of (5.28),(5.29)
d = 4 : ζE,s(z) =
∞∑
n=1
1
6
n(n+ 1)(n+ 2)
[
(s+ 1)2(n+ s+ 1)−z − s2(n+ s+ 2)−z
]
=
∞∑
n=1
1
6
n(n+ 1)
[
(2s+ 1)n+ 3s2 + 4s+ 2
]
(n+ s+ 1)−z
= 1
6
[
(2s+ 1)ζ(z − 3, s+ 2)− 3s(s+ 1)ζ(z − 2, s+ 2)
−(2s+ 1)ζ(z − 1, s+ 2) + s(s3 + 2s2 + 2s+ 1)ζ(z, s+ 2)
]
, (5.37)
Ec,s =
1
2
ζE,s(−1) = − 11440s(s+ 1)
[
18s2(s+ 1)2 − 14s(s+ 1)− 11
]
. (5.38)
For example, for low spin s = 0, 1, 2 fields (with e0 = s+ 2) this expression reproduces the values
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of the Casimir energies (0,− 11
240
,−553
240
) found in [57]. Summing Ec,s over s = 0, 1, 2, ... should be
done again using an appropriate spectral zeta function regularization as in [41], or, equivalently,
introducing a cutoff function e−[s+
1
2
(d−3)] = e−(s+
1
2
) and dropping all singular terms in the limit
→ 0. As one readily checks, this gives
∞∑
s=1
Ec,s e
−(s+ 1
2
)
∣∣∣
→0, fin
= 0 . (5.39)
This is in agreement with our earlier general result (5.21) obtained directly from the total (summed
over spin) partition function (5.17) and using the standard zeta function regularization of the sum
over n in (5.19),(5.21).32 Similarly, one can sum up the individual Casimir energies Ec,s over even
spins only, corresponding to the minimal HS theories in AdSd+1, and in all d the result is equal
to the Casimir energy of a real conformal scalar on R×Sd−1, in agreement with the computation
of Section 5.2.
6 Matching fermionic CFT’s with higher spin theories
Having checked the higher spin AdS/CFT correspondence for singlet sectors of free scalar field
theories on S1 × Sd−1, we proceed to analogous checks for similar fermionic theories. More
precisely, we will consider the U(N) singlet sector of the theory of N free Dirac fermions or the
O(N) singlet sector of the theory ofN free Majorana fermions on S1×Sd−1 and compare them with
appropriately defined higher spin theories in AdSd+1. We will explicitly discuss d = 2, 3, 4, but
extensions to higher d should not be difficult. These checks are interesting because the spectra of
higher spin currents in such fermionic theories are more complicated than in the scalar theories.
Correspondingly, the dual higher spin description of the fermionic theories generally involves
massless gauge fields in more general representations than the fully symmetric ones [25,27].
6.1 d = 2
Let us first discuss d = 2 fermionic CFT’s. We may start with N massless free Dirac fermions and
impose the SU(N) singlet condition. This may be accomplished by gauging the SU(N) symmetry
and then adding the WZW term for the SU(N) gauge field Aµ = ig∂µg
−1 with a coefficient k.
In the limit k → ∞ we expect to find the free fermion theory restricted to the SU(N) singlet
32Note again that the 6-th order polynomial in s in (5.38) is similar but not equivalent to the coefficient of the
logarithmic IR divergence in massless higher spin partition function in AdS5 [92] that also vanishes when summed
over spins with a zeta function regularization [41].
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sector.33 Alternatively, we may start with N massless free Majorana fermions and impose the
O(N) singlet constraint by similarly gauging the O(N) symmetry.
In d = 2 CFT’s, the Casimir energy on R×S1 is completely determined by the central charge:
E = − 1
12
c. Therefore, the AdS3/CFT2 matching of Casimir energies is equivalent to matching
of the central charge c. For U(N) and O(N) singlet scalar theories, the central charge matching
was carried out in [41]. It was found that the sum of higher spin one-loop contributions vanishes
in the theory of all integer spins, while in the theory of even spins it equals 1, which is the central
charge of a real scalar field.
Just as in the scalar cases, we find that the d = 2 U(N) and O(N) singlet fermionic theories
contain conserved currents of spin s > 1, and the dual theories in AdS3 contain corresponding
massless gauge fields. The contribution of such fields to the one-loop central charge is as in
(5.31) [41]
c(1)s = 1 + 6 s (s− 1) , s ≥ 2 . (6.1)
In carrying out the matching for the fermionic theories, we find subtle but important differences
from the scalar case, that affect the fields of spin 1 and 0. For the theory of N Dirac fermions, the
spin-1 current is ψ¯iγ
µψi, and it generates the standard Kac-Moody algebra. Correspondingly, the
dual vector field in AdS3 has the Chern-Simons action [98]. The contribution of the Chern-Simons
field is c
(1)
CS = 1; this can be deduced from the central charge of the current algebra in the dual
theory or can be found from a direct calculation in AdS3. In contrast, in the d = 2 scalar CFT
the vector current does not satisfy the standard Kac-Moody algebra. It is plausible to conjecture
that in this case the s = 1 gauge field in AdS3 has the Maxwell action [41], and its contribution
to the central charge is c
(1)
Maxwell =
1
2
. There are two spin-zero operators of dimension ∆ = 1 in the
fermionic theory: a scalar, ψ¯iψ
i and a pseudoscalar, ψ¯iγ3ψ
i. Therefore, the dual theory in AdS3
must contain a complex scalar field with m2 = −1 which is right at the BF bound. In general, the
contribution of a real scalar field to one-loop central charge is c
(1)
0 (∆) = −12(∆− 1)3. Therefore,
the complex scalar field makes no contribution to the central charge, while the Chern-Simons
vector does, and their total contribution is 1.
Let us compare this with the AdS3 theory dual to the U(N) symmetric scalar model. Such
a theory contains one m = 0 scalar, which is dual to the ∆ = 0 operator φ¯iφ
i; it contributes
c
(1)
0 =
1
2
. As suggested in [41], it also contains a Maxwell field. Thus, the s = 0, 1 fields in the
33 Such a construction is similar to the Gaberdiel-Gopakumar conjectures [94–96] which involve coset CFT’s in
d = 2. The λ → 0 limit of the coset CFT used in [94–96] is simply the singlet sector of the CFT of N free Dirac
fermions, but with the U(1) current ψ¯iγ
µψi removed [95,97].
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U(N) singlet fermionic model make the same combined contribution to the central charge as in
the scalar model. The s > 1 fields work in the same way in the fermionic and scalar models;
therefore, the cancelation occurs in both models.
Indeed, in the U(N) invariant fermionic theory, the total one-loop correction to central charge
is c
(1)
CS +
∑∞
s=2 c
(1)
s . Using the zeta-function regularization for the sum, we see that this vanishes.
In the O(N) invariant fermionic theory, the total contribution is the regularized sum of c
(1)
s over
positive even spins. This equals 1
2
, in agreement with the central charge of a single Majorana
fermion. This is consistent with the proposed identification of the coupling constant, GN ∼
1/(N − 1), in the bulk dual of O(N) singlet models.
As a further test of the spectra of the AdS3 theories dual to the d = 2 fermionic CFT’s, we
consider the calculation of the thermal free energy. According to (3.22), in d = 2 one half of the
free Dirac fermion one-particle free energy is 34
Z 1
2
(β) =
2q
1
2
1− q . (6.2)
According to (4.25), matching of the thermal free energies requires that the square of this partition
function equals the sum of the one-particle partition functions in AdS3. Indeed, for the theory
dual to the U(N) singlet sector of N free Dirac fermions, we find
2q
(1− q)2 +
∞∑
s=1
[ 2qs
(1− q)2 −
2qs+1
(1− q)2
]
=
4q
(1− q)2 =
[Z 1
2
(β)
]2
. (6.3)
The first term here is the contribution of the two ∆ = 1 scalars in AdS3, and the sum corresponds
to the contribution of all gauge fields with s ≥ 1 [98], including the Chern-Simons gauge field
dual to the spin 1 current ψ¯iγµψ
i. This matching is essentially a special case of certain identities
for product of characters of the conformal group [27].
Now let us consider the minimal higher spin theory in AdS3, which is dual to the O(N) singlet
sector of N free Majorana fermions. Since for Majorana fermions ψ¯iγ3ψ
i vanishes, this theory
has only one real bulk scalar dual to the ∆ = 1 operator ψ¯iψ
i. It also contains massless gauge
34To recall, in general dimensions, the character of the free fermion representation of the conformal group is
given by [18, 27] Z 1
2
(β) = 12ZF(β) = nF
q
d−1
2
(1−q)d−1 , where nF = 2
d
2−1 for a Weyl fermion in even dimensions, and
nF = 2
d−1
2 for a Dirac fermion in odd dimensions. A Dirac fermion in even dimensions can be decomposed as the
sum of left and right Weyl spinors.
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fields of positive even spins. Therefore, the sum over one-particle partition functions in AdS3 is
q
(1− q)2 + 2
∞∑
s=2,4,...
qs
1− q =
q + 3q2
(1− q)2(1 + q) =
1
2
[Z 1
2
(β)
]2 − 1
2
Z 1
2
(2β) , (6.4)
and we find agreement with the field theory result (4.26).
6.2 d = 3
Next, let us consider the d = 3 fermionic duality conjectures of [14, 15]. In the case of N free
Dirac fermions restricted to the U(N) singlet sector, the “single trace” spectrum includes a unique
pseudoscalar operator ψ¯iψ
i which has dimension 2, and a set of totally symmetric higher spin
currents, one for each integer spin. The matching of the thermal partition function on S1 × S2
follows from the identity [27,42]
q2
(1− q)3 +
∞∑
s=1
[
(2s+ 1)
qs+1
(1− q)3 − (2s− 1)
qs+2
(1− q)3
]
=
4q2
(1− q)4 =
[Z 1
2
(β)
]2
, (6.5)
where Z 1
2
(β) = 2q
(1−q)2 is half of the free Dirac fermion one-particle partition function in d = 3 (see
(3.21),(3.22)). Note that this is the same as the expression (5.12) for the critical scalar theory.
This is because at large N the spectrum of the free fermion theory is the same as the one of the
critical scalar theory, where the s = 0 operator φiφi has dimension ∆ = 2 +O(1/N), as opposed
to ∆ = 1 at the free fixed point.35 Analogously, in the minimal theory with even spins only, one
has
q2
(1− q)3 +
∞∑
s=2,4,...
[
(2s+ 1)
qs+1
(1− q)3 − (2s− 1)
qs+2
(1− q)3
]
= 1
2
[Z 1
2
(β)
]2 − 1
2
Z 1
2
(2β) , (6.6)
in agreement with (4.26).
One may also consider the large N interacting Gross-Neveu model, where the scalar operator
has dimension 1 instead of 2. The same s = 0 operator dimensions appear in the Wilson-Fisher
and free scalar models and correspond to the two different boundary conditions for the m2 = −2
scalar in AdS4. As noted in Section 5.3, for either choice of scalar operator dimension, Ec,0 =
1
480
.
The spectrum of the s > 0 currents in the U(N) fermionic models (dual to type B Vasiliev theory)
is the same as in the U(N) scalar models (dual to type A Vasiliev theory), and their zeta-function
35One difference between the free fermion and critical scalar spectrum is that in the former the s = 0 operator
is a pseudoscalar. However, this difference does not affect the calculation at this order.
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regularized contribution to Casimir energy is − 1
480
, properly canceling the s = 0 contribution.
Similarly, the cancelation of the Casimir energy in the O(N) fermionic models (dual to minimal
type B theory) is exactly the same as in the O(N) scalar models (dual to minimal type A theory).
6.3 d = 4
It is interesting to look at the higher dimensional free fermion theories, as in this case the dual
higher spin theory contains new higher spin representations besides the totally symmetric ones
[25,27]. As an explicit example, let us consider the d = 4 theory of N free Dirac fermions restricted
to the U(N) singlet sector. The “single trace” primary operators in this theory consist of two
∆ = 3 scalar operators
O = ψ¯iψi , O˜ = ψ¯iγ5ψi , (6.7)
two sets of totally symmetric higher spin currents, schematically [54–56]
Jµ1···µs = ψ¯iγ(µ1∂µ2 · · · ∂µs)ψi + . . . , J˜µ1···µs = ψ¯iγ5γ(µ1∂µ2 · · · ∂µs)ψi + . . . , s ≥ 1 , (6.8)
and a tower of mixed symmetry higher spin operators of the schematic form
Bµ1···µs,ν = ψ¯iγν(µ1∂µ2 · · · ∂µs)ψi + . . . , s ≥ 1 . (6.9)
The latter operators have the symmetries of the Young tableaux with s boxes in the first row
and one box in the second row. This set of primary operators is dual to two AdS5 scalar fields
with m2 = −3, two towers of totally symmetric higher spin gauge fields, and a tower of mixed
symmetry fields corresponding to (6.9). In particular, at s = 1 we have a massive antisymmetric
tensor field dual to the operator ψ¯iγµνψ
i. The agreement between “single trace” primaries and
single particle states in AdS5 can again be seen by computing the thermal partition function on
S1 × S3. Representations of the d = 4 conformal group can be labelled by (∆; j1, j2), where
∆ is the conformal dimension and j1, j2 the SU(2) × SU(2) spins. In this notation, the mixed
symmetry operators (6.9) for a given s correspond to the sum of representations(
s+ 2; s+1
2
, s−1
2
)
⊕
(
s+ 2; s−1
2
, s+1
2
)
, (6.10)
and the corresponding character, or one-particle partition function, is [27]
Zmixeds (β) = 2
qs+2
(1− q)4
[
s(s+ 2)− q(s2 − 1)
]
. (6.11)
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It would be interesting to derive this directly in AdS by computing the heat kernel and one-loop
determinant for the mixed symmetry fields in the bulk. Putting this together with the scalar and
totally symmetric higher spin contributions and summing over spins one gets
2q3
(1− q)4 + 2
∞∑
s=1
qs+2
(1− q)4
[
(s+ 1)2 − qs2
]
+ 2
∞∑
s=1
qs+2
(1− q)4
[
s(s+ 2)− q(s2 − 1)
]
=
16q3
(1− q)6 =
[Z 1
2
(β)
]2
, (6.12)
which indeed agrees with (4.25) and the form of the free fermion character (3.21) in d = 4. This
is another example of an identity between a product of characters of two singleton representa-
tions of the conformal group, and the character of the corresponding direct sum of higher spin
representations, generalizing the Flato-Fronsdal relation discovered in d = 3 [20].36
By using (2.2), (2.4), the knowledge of Z(β) for each representation is enough to determine the
corresponding Casimir energies of the AdS5 fields. For the ∆ = 3 scalar field, we get
ζ∆=3E,0 (z) =
∞∑
n=1
1
6
n(n+ 1)(n+ 2)(n+ 2)−z , (6.13)
which yields
E∆=3c,0 =
1
2
ζ∆=3E,0 (−1) = − 1480 . (6.14)
The Casimir energy for the totally symmetric higher spins in AdS5 was already computed in
(5.37), (5.38). Its regularized sum over all integer spins vanishes (5.39). For the mixed symmetry
fields, from (6.11) we get (using the same regularization of the sum over spins as in (5.39))
ζmixedE,s (z) =
∞∑
n=1
1
6
n(n+ 1)(n+ 2)
[
s(s+ 2)(n+ s+ 1)−z − (s2 − 1)(n+ s+ 2)−z
]
,
Emixedc,s =
1
2
ζmixedE,s (−1) = 1720
[
− 3− 19s(s+ 1) + 44s2(s+ 1)2 − 18s3(s+ 1)3
]
, (6.15)
Emixedc =
∞∑
s=1
1
720
[
− 3− 19s(s+ 1) + 44s2(s+ 1)2 − 18s3(s+ 1)3
]
e−(s+
1
2
)
∣∣∣
→0, fin
= 1
240
.
36In d = 4 one may consider not only the j = 0 and j = 12 singletons [25, 99, 100] (i.e. free massless scalar and
spinor fields of boundary CFT), but also j = 1 and higher spin ones [101]. In such cases, one finds similar relations
between characters [27]. The d = 4 CFT corresponding to the j = 1 singleton has N free Maxwell fields restricted
to the O(N) singlet sector [102]. Similar theories may be considered in higher dimensions. For example, in d = 6,
one may study the O(N) singlet sector of N free anti-symmetric tensor fields; this theory has a higher spin AdS7
dual.
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Thus the total one-loop bulk Casimir energy is
Ec = 2×
(− 1
480
)
+ 2× 0 + 1
240
= 0 . (6.16)
This is in agreement with the expected vanishing of order N0 correction to the Casimir energy of N
free Dirac fermions. Note that in this section we have chosen to compute the total Casimir energy
by summing up the individual Casimir energies of each bulk field with a suitable regulator [41].
Equivalently, one can obtain the same result by first summing over spins the one-particle partition
functions, and then performing the Mellin transform (2.4), as described in Section 5.2 for the scalar
theories.
Analogously, we can consider the theory of N Majorana fermions, restricted to the O(N) singlet
sector as discussed in Section 4.3. The spectrum of operators is a projection of the one described
above for the Dirac case. Given any two Majorana fermions χ1, χ2, one has the identities
χ¯1χ2 = χ¯2χ1 , χ¯1γ5χ2 = χ¯2γ5χ1 , (6.17)
χ¯1γµχ2 = −χ¯2γµχ1 , χ¯1γµγ5χ2 = χ¯2γµγ5χ1 , (6.18)
χ¯1γµνχ2 = −χ¯2γµνχ1 . (6.19)
The identities in the first line imply that both ∆ = 3 scalar operators are present in the Majorana
theory. On the other hand, using the identities in the second line and integration by parts, one
can see that the totally symmetric operators Jµ1···µs with odd spins and the “axial” J˜µ1···µs with
even spins are projected out (they are total derivatives). This leaves effectively a single tower
of totally symmetric higher spins of all integer s. Finally, the identity in the last line implies
that the mixed symmetry operators Bµ1···µs,ν with odd spin are projected out. Then, the total
one-loop bulk Casimir energy is
Ecmin = 2×
(− 1
480
)
+ 0 +
∞∑
s=2,4,...
Emixedc,s e
−(s+ 1
2
)
∣∣∣
→0, fin
= 17
960
. (6.20)
This is precisely equal to the Casimir energy of a single Majorana fermion in d = 4, in agreement
with the shift N → N − 1 in the HS coupling which we observe in the real theories in all
dimensions.
We can also consider the thermal partition function of this free real fermion theory. The sum
35
over one-particle partition functions of the bulk AdS5 fields yields
2q3
(1− q)4 +
∞∑
s=1
qs+2
(1− q)4
[
(s+ 1)2 − qs2
]
+ 2
∞∑
s=2,4,...
qs+2
(1− q)4
[
s(s+ 2)− q(s2 − 1)
]
=
8q3
(1− q)6 −
2q3
(1− q2)3 =
1
2
[Z 1
2
(β)
]2 − 1
2
Z 1
2
(2β) . (6.21)
This is indeed in perfect agreement with the expression for the corresponding real free fermion
partition function on S1 × S3 with the O(N) singlet constraint found in Section 4.2 (4.26).
Finally, let us note that in d = 4 we could also consider the free theory of N complex Weyl
fermions in the U(N) singlet sector. In this theory, the U(N) invariant operators form a single
tower of totally symmetric currents with all integer spins s ≥ 1. In particular, there is no scalar
operator and no mixed symmetry operators.37 The one-loop Casimir energy in the bulk then
vanishes due to (5.39).
7 Higher spin duals of theories with Nf flavors
It is straightforward to generalize the above calculations to the case of free theories with Nf scalars
or fermions in the fundamental representation of U(N) or O(N). To be concrete, let us consider
NNf free complex scalars in the U(N) singlet sector. The spectrum of single trace primaries is
then given by
Oab = φ¯ibφia ,
(
J(s)
)a
b
∼ φ¯ib∂sφia , a, b = 1, . . . , Nf . (6.22)
The dual HS theory should then be a version of Vasiliev theory where all fields are promoted
to matrices carrying the U(Nf ) indices [11]. As usual, the global U(Nf ) symmetry of the CFT
becomes a U(Nf ) gauge symmetry in the bulk. At the free level we simply have N
2
f copies of
each field, and the calculations described in Section 5.1 readily lead to the result quoted in (4.4)
for the U(N) case.
The situation is slightly more interesting in the O(N) case. For Nf = 1, recall that all odd
spin currents are projected out in this case because the scalar field is real. However, for general
Nf it is not difficult to see that there are Nf (Nf + 1)/2 even spin operators and Nf (Nf − 1)/2
odd spin ones, corresponding to symmetric or antisymmetric combinations of the flavor indices.
37For a Weyl spinor ψiα, one can construct a Lorentz scalar by contracting the SU(2) index with ψ
α,i. However,
the corresponding object is not U(N) invariant because ψiα and ψ
α,i are both in the fundamental of U(N).
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Then the sum over the HS one-particle partition functions (5.4) gives
Nf (Nf + 1)
2
∑
s=0,2,4,...
Zs(β) + Nf (Nf − 1)
2
∑
s=1,3,5,...
Zs(β) =
N2f
2
[Z0(β)]2 + Nf
2
Z0(2β) , (6.23)
in agreement with (4.4). Similarly, one can analyze the dual of the fermionic theories with Nf
complex or real flavors, and the result for the corresponding higher spin sums is readily seen to
agree with (4.5).
Let us also briefly comment on the matching of the Casimir energy. In this case, the CFT
predicts that the Casimir term in the thermal free energy should simply be Fc = NNfβEc, with
Ec the Casimir energy of a single free field. In the HS dual of the U(N) theories, the results
for Nf = 1 immediately imply that the sum of one-loop Casimir energies vanish. So, assuming
that Fc is entirely reproduced by the classical bulk calculation (which we do not address here),
we would get a result consistent with the duality. For the O(N) theories, on the other hand, one
finds a non-vanishing one-loop Casimir energy. For instance, in the HS dual of the free scalar
theories, the sum over one-loop bulk Casimir energies gives, in any dimension38
Nf (Nf + 1)
2
∑
s=0,2,...
Ec,s +
Nf (Nf − 1)
2
∑
s=1,3,...
Ec,s = NfE
scalar
c , (6.24)
where Escalarc is the Casimir energy of a single conformal scalar. Then, agreement with the duality
again requires the same shift N → N − 1 in the map between N and the bulk coupling constant
that we observed in the case Nf = 1, i.e. G
−1
bulk ∼ N − 1. The same result can be seen to apply
to the O(N) singlet sectors of real fermionic theories for general Nf .
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